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Model checkingviagames

Themodel checkingproblem for alogicL

Given: structureA
formula 2 L

Question: A j=  ?

Reducemodel checkingproblem A j=  to strategy problem for model
checkinggameG(A;  ), played by
� Falsi� er (also called Player 1,or Alter),and
� Veri� er (also called Player 0,or Ego), such that

A j=  ( ) Veri� er haswinningstrategy for G(A;  )

=) Model checkingviaconstruction of winningstrategies
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Logicsand games

First-order logic(FO)or modal logic(ML): Model checkinggameshave

² only � niteplays

² positional winningcondition

winningregionscomputablein linear timewrt. sizeof gamegraph
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Logicsand games

First-order logic(FO)or modal logic(ML): Model checkinggameshave

² only � niteplays

² positional winningcondition

winningregionscomputablein linear timewrt. sizeof gamegraph

Fixed-point logics(LFPor L�L�L� ): Model checkinggamesareparity games

² admit in� niteplays

² parity winningcondition

Open problem: Arewinningregionsand winningstrategiesof parity
gamescomputablein polynomial time?
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Finitegames:basicde� nitions

Two-player gameswith completeinformation and positional winning
condition,given by gamegraph (also called arena)

G = (V;E); V = V0 [ V1

² Player 0(Ego) movesfrom positionsv 2 V0,
Player 1(Alter) movesfrom v 2 V1,

² movesarealongedges
aplay isa� niteor in� nitesequence� = v0v1v2 ¢¢¢ with (vi;vi+1) 2 E

² winningcondition: moveor lose!

Player � winsat position v if v 2 V1¡ � and vE= ?

Note: thisisapurely positional winningcondition applyingto � nite
playsonly (in� niteplaysaredraws)
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Winningstrategiesand winningregions

Strategy for Player � : f : f v 2 V� : vE6= ? g ! V with (v; f (v)) 2 E.

f iswinningfrom position v if Player � winsall playsthat start at vand are
consistent with f .
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Winningstrategiesand winningregions

Strategy for Player � : f : f v 2 V� : vE6= ? g ! V with (v; f (v)) 2 E.

f iswinningfrom position v if Player � winsall playsthat start at vand are
consistent with f .

WinningregionsW0;W1:

W� = f v 2 V : Player � haswinningstrategy from position vg

Erich Grädel THEORIES� GAMES� ALGORITHMS



Winningstrategiesand winningregions

Strategy for Player � : f : f v 2 V� : vE6= ? g ! V with (v; f (v)) 2 E.

f iswinningfrom position v if Player � winsall playsthat start at vand are
consistent with f .

WinningregionsW0;W1:

W� = f v 2 V : Player � haswinningstrategy from position vg

Algorithmicproblems:Given agameG

² computewinningregionsW0;W1

² computewinningstrategies

Associated decision problem:

Game:= f (G;v) : Player 0haswinningstrategy for Gfrom position vg
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Algorithmsfor � nitegames

Theorem
GameisPtime-completeand solvablein timeO(jVj + jEj).
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Algorithmsfor � nitegames

Theorem
GameisPtime-completeand solvablein timeO(jVj + jEj).

remainstruefor strictly alternatinggameson graphsG = (V;E).
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Algorithmsfor � nitegames
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Algorithmsfor � nitegames

Theorem
GameisPtime-completeand solvablein timeO(jVj + jEj).

remainstruefor strictly alternatinggameson graphsG = (V;E).

A simplepolynomial-timealgorithm

Computewinningregionsinductively: W� =
S

n2 N Wn
� where

² W0
� = f v 2 V1¡ � : vE= ? g

(winningterminal positionsfor Player � )
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Algorithmsfor � nitegames

Theorem
GameisPtime-completeand solvablein timeO(jVj + jEj).

remainstruefor strictly alternatinggameson graphsG = (V;E).

A simplepolynomial-timealgorithm

Computewinningregionsinductively: W� =
S

n2 N Wn
� where

² W0
� = f v 2 V1¡ � : vE= ? g

(winningterminal positionsfor Player � )

² Wn+1
� = f v 2 V� : vE\ Wn

� 6= ? g [ f v 2 V1¡ � : vEµ Wn
� g

(positionswith winningstrategy in · n + 1movesfor Player i)
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Algorithmsfor � nitegames

Theorem
GameisPtime-completeand solvablein timeO(jVj + jEj).

remainstruefor strictly alternatinggameson graphsG = (V;E).

A simplepolynomial-timealgorithm

Computewinningregionsinductively: W� =
S

n2 N Wn
� where

² W0
� = f v 2 V1¡ � : vE= ? g

(winningterminal positionsfor Player � )

² Wn+1
� = f v 2 V� : vE\ Wn

� 6= ? g [ f v 2 V1¡ � : vEµ Wn
� g

(positionswith winningstrategy in · n + 1movesfor Player i)

until Wn+1
� = Wn

� (thishappensfor n · jVj).
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A linear timealgorithm for Game

Input: A gameG = (V;V0;V1;E)

forall v 2 V let (¤ 1: initialisation ¤)
win[v] := ? , P[v] := f u : (u;v) 2 Eg, n[v] := jvEj

forall � 2 f 0;1g; v 2 V� (¤ 2: calculatewin ¤)
if n[v] = 0then Propagate(v;1 ¡ � )

return win end

procedurePropagate(v; � )
if win[v] 6= ? then return
win[v] := � (¤ 3: mark vaswinningfor Player � ¤)
forall u 2 P[v] do (¤ 4: propagatechangeto predecessors¤)

n[u] := n[u] ¡ 1
if u 2 V� or n[u] = 0then Propagate(u;� )

enddo
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Alternatingalgori thms

nondeterministicalgorithms,with statesdivided into
accepting, rejecting,existential, and universal states
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Alternatingalgori thms

nondeterministicalgorithms,with statesdivided into
accepting, rejecting,existential, and universal states

Acceptancecondition: gamewith Players9 and 8,played on
computation graph C(M; x) of M on input x

Positions: con� gurationsof M
Moves: C ! C0for C0successor con� guration of C

- Player 9 movesat existential con� gurations
winsat acceptingcon� gurations

- Player 8 movesat universal con� gurations
winsat rejectingcon� gurations
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Alternatingalgori thms

nondeterministicalgorithms,with statesdivided into
accepting, rejecting,existential, and universal states

Acceptancecondition: gamewith Players9 and 8,played on
computation graph C(M; x) of M on input x

Positions: con� gurationsof M
Moves: C ! C0for C0successor con� guration of C

- Player 9 movesat existential con� gurations
winsat acceptingcon� gurations

- Player 8 movesat universal con� gurations
winsat rejectingcon� gurations

M acceptsx :( ) Player 9 haswinningstrategy for gameon C(M; x)
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Alternatingversusdeterministiccomplexity classes

Alternatingtime´ deterministicspace
Alternatingspace´ exponential deterministic time

Logspace µ Ptime µ Pspace µ Exptime µ Expspace

jj jj jj jj

Al ogspace µ Aptime µ Apspace µ Aexptime
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Alternatingversusdeterministiccomplexity classes

Alternatingtime´ deterministicspace
Alternatingspace´ exponential deterministic time

Logspace µ Ptime µ Pspace µ Exptime µ Expspace

jj jj jj jj

Al ogspace µ Aptime µ Apspace µ Aexptime

Alternatinglogspacealgorithm for Game: Play thegame!
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Evaluation gamefor FO

FO:  ::=Rix j : Rix j x = y j x 6= y j  ^  j  _  j 9x j 8x 
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Evaluation gamefor FO

FO:  ::=Rix j : Rix j x = y j x 6= y j  ^  j  _  j 9x j 8x 

ThegameG(A;  ) (for A = (A;R1; : : : ;Rm); Ri µ Ari )
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Evaluation gamefor FO

FO:  ::=Rix j : Rix j x = y j x 6= y j  ^  j  _  j 9x j 8x 

ThegameG(A;  ) (for A = (A;R1; : : : ;Rm); Ri µ Ari )

Positions: ' (a) ' (x) subformulaof  , a 2 Ak
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Evaluation gamefor FO

FO:  ::=Rix j : Rix j x = y j x 6= y j  ^  j  _  j 9x j 8x 

ThegameG(A;  ) (for A = (A;R1; : : : ;Rm); Ri µ Ari )

Positions: ' (a) ' (x) subformulaof  , a 2 Ak

Veri � er moves: '
' _ # 9x' (x;b) ' (a;b) (a 2 A)

#

Falsi� er moves: '
' ^ # 8x' (x;b) ' (a;b) (a 2 A)

#
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Evaluation gamefor FO

FO:  ::=Rix j : Rix j x = y j x 6= y j  ^  j  _  j 9x j 8x 

ThegameG(A;  ) (for A = (A;R1; : : : ;Rm); Ri µ Ari )

Positions: ' (a) ' (x) subformulaof  , a 2 Ak

Veri � er moves: '
' _ # 9x' (x;b) ' (a;b) (a 2 A)

#

Falsi� er moves: '
' ^ # 8x' (x;b) ' (a;b) (a 2 A)

#

Winningcondition: ' atomic/ negated atomic

Veri� er

Falsi� er
winsat ' (a) ( ) A

j=

6j=
' (a)
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Complexity of FOmodel checking

To decidewhether A j=  , construct thegameG(A;  ) and check whether
Veri� er haswinningstrategy from initial position  .

E� icient implementation: on-the-� y construction of gamewhilesolvingit
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To decidewhether A j=  , construct thegameG(A;  ) and check whether
Veri� er haswinningstrategy from initial position  .

E� icient implementation: on-the-� y construction of gamewhilesolvingit

Sizeof gamegraph can beexponential: jG(A;  )j · j j ¢jAjwidth( )

width( ): maximal number of freevariablesin subformulae
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Complexity of FOmodel checking

To decidewhether A j=  , construct thegameG(A;  ) and check whether
Veri� er haswinningstrategy from initial position  .

E� icient implementation: on-the-� y construction of gamewhilesolvingit

Sizeof gamegraph can beexponential: jG(A;  )j · j j ¢jAjwidth( )

width( ): maximal number of freevariablesin subformulae

Complexity of FOmodel checking:

alternatingtime: O(j j ¢logjAj)
alternatingspace: O(width( ) ¢logjAj + logj j)
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Complexity of FOmodel checking

To decidewhether A j=  , construct thegameG(A;  ) and check whether
Veri� er haswinningstrategy from initial position  .

E� icient implementation: on-the-� y construction of gamewhilesolvingit

Sizeof gamegraph can beexponential: jG(A;  )j · j j ¢jAjwidth( )

width( ): maximal number of freevariablesin subformulae

Complexity of FOmodel checking:

alternatingtime: O(j j ¢logjAj)
alternatingspace: O(width( ) ¢logjAj + logj j)

deterministic time:O(j j ¢jAjwidth( ))
deterministicspace:O(j j ¢logjAj)
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Complexity of FOmodel checking

² Structurecomplexity ( �x ed) : Al ogtime µ Logspace

² Expression complexity and combined complexity:
Pspace-complete (even for very small A, such asA = f 0;1g)
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Complexity of FOmodel checking

² Structurecomplexity ( �x ed) : Al ogtime µ Logspace

² Expression complexity and combined complexity:
Pspace-complete (even for very small A, such asA = f 0;1g)

Crucial parameter for complexity: width of formula

FOk := f  2 FO: width( ) · kg = k-variablefragment of FO
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Complexity of FOmodel checking

² Structurecomplexity ( �x ed) : Al ogtime µ Logspace

² Expression complexity and combined complexity:
Pspace-complete (even for very small A, such asA = f 0;1g)

Crucial parameter for complexity: width of formula

FOk := f  2 FO: width( ) · kg = k-variablefragment of FO

ModCheck(FOk) isPtime-completeand solvablein timeO(j j ¢jAjk)
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Complexity of FOmodel checking

² Structurecomplexity ( �x ed) : Al ogtime µ Logspace

² Expression complexity and combined complexity:
Pspace-complete (even for very small A, such asA = f 0;1g)

Crucial parameter for complexity: width of formula

FOk := f  2 FO: width( ) · kg = k-variablefragment of FO

ModCheck(FOk) isPtime-completeand solvablein timeO(j j ¢jAjk)

Fragmentsof FOwith model checkingcomplexity O(j j ¢kAk)):
� ML :propositional modal logic
Later:
� FO2 : formulaeof width two
� GF: theguarded fragment of � rst-order logic
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ML: propositional modal logic

Transition systems = Kripkestructures = labeled graphs

K = ( V ; (Ea)a2 A ; (Pi)i2 I )
states

elements
actions

binary relations
atomic propositions

unary relations

Syntaxof ML:  ::=Pi j : Pi j  ^  j  _  j hai  j [a] 

Example:P1 _ hai (P2 ^ [b]P1)

Semantics: [[ ]]K = f v : K;v j=  g = f v :  holdsat statev in Kg.

K;v j=
hai  

[a] 
:( ) K;w j=  for

some

all
wwith (v;w) 2 Ea
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Model checkinggamefor ML

GameG(K;  ) for K = (V; (Ea)a2 A; (Pi)i2 I ) and  2 ML
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Model checkinggamefor ML

GameG(K;  ) for K = (V; (Ea)a2 A; (Pi)i2 I ) and  2 ML

Positions: (' ; v) ' subformulaof  , v 2 V

Veri � er moves: (' ;v)
(' _ #;v) (hai ' ;v) (' ;w); w 2 vEa

(#;v)

Falsi� er moves: (' ;v)
(' ^ #;v) ([a]' ; v) (w; ' ); w 2 vEa

(#;v)

Terminal positions: (Pi;v); (: Pi;v)
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Model checkinggamefor ML

GameG(K;  ) for K = (V; (Ea)a2 A; (Pi)i2 I ) and  2 ML

Positions: (' ; v) ' subformulaof  , v 2 V

Veri � er moves: (' ;v)
(' _ #;v) (hai ' ;v) (' ;w); w 2 vEa

(#;v)

Falsi� er moves: (' ;v)
(' ^ #;v) ([a]' ; v) (w; ' ); w 2 vEa

(#;v)

Terminal positions: (Pi;v); (: Pi;v)

Veri� er winsG(K;  ) from position (' ;v) ( ) K;v j= '
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Model checkinggamefor ML

GameG(K;  ) for K = (V; (Ea)a2 A; (Pi)i2 I ) and  2 ML

Positions: (' ; v) ' subformulaof  , v 2 V

Veri � er moves: (' ;v)
(' _ #;v) (hai ' ;v) (' ;w); w 2 vEa

(#;v)

Falsi� er moves: (' ;v)
(' ^ #;v) ([a]' ; v) (w; ' ); w 2 vEa

(#;v)

Terminal positions: (Pi;v); (: Pi;v)

Veri� er winsG(K;  ) from position (' ;v) ( ) K;v j= '

kG(K;  )k = O(j j ¢kKk)
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Advantagesof gamebased approach to model checking

² intuitivetop-down de� nition of semantics
(very e� ectivefor teachinglogic)

² versatileand general methodology,
can beadapted to many logical formalisms

² isolatesthereal combinatorial di� icultiesof an evaluation problem,
abstractsfrom syntacticdetails.

² if you understand games,you understand alternatingalgorithms

² closely related to automatabased methods

² algorithmsand complexity resultsfor many logicproblemsfollow
from resultson games
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Model checkingfor propositional modal logic

Theorem. ModelCheck(ML) isPtime-complete.

- solvablein timeO(j j ¢kKk) viamodel checkinggame

- Game(for strictly alternatinggames) · log ModelCheck(ML)

G = (V;E); v 7¡! (G;v);  n (n = jVj)

 0 := ¤ 0  2m+1 = § 2m;  2m+2 = ¤  2m+1

G;v j=  m ( ) Player 0winsGfrom v in · mmoves
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Satis� ability of propositional Horn formulae

Propositional Horn formulae:conjunctionsof clausesof form

X Ã X1 ^ ¢¢¢^ Xn and 0 Ã X1 ^ ¢¢¢^ Xn

Theorem. Sat-H or n isPtime-completeand solvablein linear time.

(actually,Gameand Sat-H or n areessentially thesameproblem)
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Satis� ability of propositional Horn formulae

Propositional Horn formulae:conjunctionsof clausesof form

X Ã X1 ^ ¢¢¢^ Xn and 0 Ã X1 ^ ¢¢¢^ Xn

Theorem. Sat-H or n isPtime-completeand solvablein linear time.

(actually,Gameand Sat-H or n areessentially thesameproblem)

1) Game · log-lin Sat-H or n:

For G = (V0 [ V1;E) construct Horn formula with clauses

u Ã v for all u 2 V0 and (u;v) 2 E

u Ã v1 ^ ¢¢¢^ vm for all u 2 V1; uE= f v1; : : : ;vmg

Theminimal model of  isprecisely thewinningregion of Player 0.

(G;v) 2 Game ( )  G ^ (0 Ã v) isunsatis� able
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2) Sat-H or n · log-lin Game:

De� negameG for Horn formula (X1; : : : ;Xn) =
V

i2 I Ci

Positions: f 0g [ f X1; : : : ;Xng [ f Ci : i 2 Ig

Movesof Player 0: X ! C for X = head(C)

Movesof Player 1: C ! X for X 2 body(C)

Note: Player 0winsi� play reachesclauseCwith body(C) = ?

Player 0haswinningstrategy from position X ( )  j= X

Hence,

Player 0winsfrom position 0 ( )  unsatis� able.
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Logicsand games

First-order logic(FO)or modal logic(ML): Model checkinggameshave

² only � niteplays

² positional winningcondition

Winningregionscomputablein linear timewrt. sizeof gamegraph
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Logicsand games

First-order logic(FO)or modal logic(ML): Model checkinggameshave

² only � niteplays

² positional winningcondition

Winningregionscomputablein linear timewrt. sizeof gamegraph

In many computer scienceapplications,moreexpressivelogicsareneeded:

temporal logics, dynamic logics, �x ed-point logics,. . .

Model checkinggamesfor theselogicsadmit in� niteplaysand need more
complicated winningconditions.
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Logicsand games

First-order logic(FO)or modal logic(ML): Model checkinggameshave

² only � niteplays

² positional winningcondition

Winningregionscomputablein linear timewrt. sizeof gamegraph

In many computer scienceapplications,moreexpressivelogicsareneeded:

temporal logics, dynamic logics, �x ed-point logics,. . .

Model checkinggamesfor theselogicsadmit in� niteplaysand need more
complicated winningconditions.

=) wehaveto consider thetheory of in� nitegames
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