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Mode checking viagames

Themodd checking problem for alogic L

Given: dructure A
formula 2 L

Quedion: AfE ?
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Modd checking viagames

Themodd checking problem for alogic L

Given: dructure A
formula 2 L
Quedion: AfE ?

Reduce modd checkingproblem A = to draegy problem for modd
checkinggame G(A; ), played by

Fals e (asocdled Player 1, or Alter), and

Veri e (asocaled Player O, or Ego), such that

AF () Vel ehaswinninggraeg for G(A; )
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Modd checking viagames

Themodd checking problem for alogic L

Given: dructure A
formula 2 L
Quedion: AfE ?

Reduce modd checkingproblem A = to draegy problem for modd
checkinggame G(A; ), played by

Fals e (asocdled Player 1, or Alter), and

Veri e (asocaled Player O, or Ego), such that

AF () Vel ehaswinninggraeg for G(A; )

3  Modd checking viacongruction of winning Srateges
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Hrg-order logic (FO)or modal logic (ML): Modd checking games have
2 only niteplays
2 podtiona winning condition

winning regonscomputablein linear timewrt. 9ze of gamnegraph
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Hrg-order logic (FO)or modal logic (ML): Modd checking games have
2 only niteplays
2 podtiona winning condition

winning regonscomputablein linear timewrt. 9ze of gamnegraph

Fixed-point logics(LFPor L ): Modd checkinggamesare parity games
2 admitin niteplays

2 parity winning condition

Open problem: Arewinning regonsand winning srategesof parity
games computablein polynomial time?
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Finitegames: bascde nitions

Two-player gameswith completeinformation and postiona winning
condition, given by game graph (also called arena)
G:(V,E), V:Vo[vl

2 Payer 0 (Ego) movesfrom postionsv 2 Vo,
Player 1 (Alter) movesfromv 2 V4,

2 movesareaong edges
aplayisa niteor in nitesequence = \VgviVo CCC with (vi;Vis1) 2 E
2 winning condition: moveor lose!
Player winsa postionvifv2 V;, andvE="?
Note:thisisapurey postiona winning condition applyingto nite
playsonly (in niteplaysaredraws)
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Winning strategiesand winning regions

SrategyforPlayer : f:fv2V :vE€6?g! V wth(vf(v)2E

f iswinningfrom postion vif Player winsal playstha dart a vand are
conggent with f.
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Winning strategiesand winning regions

SrategyforPlayer ©: f:fv2V :vE679g! V wth(vf(v))2E

f iIswinningfrom postion vif Player winsal playstha dart a vand are
conggent with f.

Winning regionsWg; Wi

W =fv2 V :Payea haswinningdgraegy from postionvg
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Winning strategiesand winning regions

SrategyforPlayer : f:fv2V :vE679g! V wth(vf(v))2E

f iIswinningfrom postion vif Player winsal playstha dart a vand are
conggent with f.

Winning regionsWg; Wi
W =fv2 YV :Pae haswinninggraegy from podgtion vg
Algorithmic problems: Given agane G
2 computewinningregonsWy; W,
2 computewinning srateges
Associated decigon problem:

Game:=f (G, V) : Player 0O haswinning srategy for Gfrom postion vg
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Algorithmsfor nitegames

Theorem
GameisPtime-completeand solvableintime O(jV) + jg).
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Algorithmsfor nitegames

Theorem
GameisPtime-completeand solvableintime O(jV) + jg).

remainstruefor grictly alternating gameson graphsG = (V; E).
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Algorithmsfor nitegames

Theorem
GameisPtime-completeand solvableintime O(jV) + jg).

remainstruefor grictly alternating gameson graphsG = (V; E).

A smplepolynomial-timealgorithm

S
Computewinningregonsinductively: W = W" where
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Algorithmsfor nitegames

Theorem
GameisPtime-completeand solvableintime O(jV) + jg).

remanstruefor drictly alternating gameson graphsG = (V; E).
A smplepolynomial-timealgorithm
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Computewinningregonsinductively: W = W" where
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(winning terminal pogstionsfor Player )
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Algorithmsfor nitegames

Theorem
GameisPtime-completeand solvableintime O(jV) + jg).

remainstruefor grictly alternating gameson graphsG = (V; E).

A smplepolynomial-timealgorithm
S
Computewinning regonsinductively: W = W" where

2 WO=fv2V; :VE=?g
(winning terminal postionsfor Player )

2 W"l=fv2V :vE\ W"6?2¢g[ fv2V,; :VEu W"'g
(pogtionswith winningsrategy in - n + 1 movesfor Player 1)
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Algorithmsfor nitegames

Theorem
GameisPtime-completeand solvableintime O(jV) + jg).

remainstruefor grictly alternating gameson graphsG = (V; E).
A smplepolynomial-timealgorithm

S
Computewinningregonsinductively: W =, W" where

2 WO=fv2V; :VE=?g
(winning terminal postionsfor Player )

2 W"l=fv2V :vE\ W"6?2¢g[ fv2V,; :VEu W"'g
(pogtionswith winningsrategy in - n + 1 movesfor Player 1)

until W =W"  (thishappensforn - jVj).
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A linear timealgorithm for Game
Input: A gameG = (V,Vy; V1, E)

foral v2 V let (2 1:initialisaion o)
win[v] :=?, P|v] :=fu:(u;v) 2 Eg, n[v]:=)vH
foral 2 f0;1g,v2 V (o 2: calculatewin o)

if n[v] = Othen Propagate(v;1; )
return win end

procedure Propagate(V;, )
Ifwin[v] 6 ? then return

win[v] = (o 3: mark vaswinning for Player ©)
forall u2 P[v]do (= 4: propagate changeto predecessorsn)
nful :=nfu]j 1
Ifu2 V or nfu] =0then Propagate(u; )
enddo
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Alternating algorithms

nondeterminigic algorithms, with satesdivided into
accepting, rgecting, exstential, and universal sates

Erich Gradd THEORIES GAMES ALGORITHMS



Alternating algorithms

nondeterminigic algorithms, with satesdivided into
accepting, rgecting, exstential, and universal sates

Accetancecondition: gamewith Players9 and 8, played on
computation graph C(M; x) of M on input X
Podtions: con guaionsof M
Moves: C! CP°for C°successor con guration of C
-  Player 9 movesa exgential con guraions
winsa acceptingcon guaions
-  Player 8 movesa universal con guraions
winsd rgectingcon guaions
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Alternating algorithms

nondeterminigic agorithms, with satesdivided into
accepting, rgecting, exsgential, and universal saes

Acceptancecondition: gamewith Players9 and 8, played on
computation graph C(M; x) of M on input X

Podtions: con guaionsof M

Moves: C! CP°for C°successor con guration of C

-  Player 9 movesa exgential con guraions
winsa acceptingcon guaions

- Player 8 movesa universal con guraions
winsd rgectingcon guaions

M acceptsx ()  Player 9 haswinning drategy for gameon C(M; X)
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Alternating versusdeterministic complexity classes

Alternaingtime” determinigic space
Alternatingpace” expnentia determinigictime

Logspace [ Ptime L Pspace g Exptime p  Expsmace
J) J J J)
Aloggmce p Aptime g Apgace g Aexpime
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Alternating versusdeterministic complexity classes

Alternaingtime” determinigic space
Alternatingpace” expnentia determinigictime

Logspace [ Ptime L Pspace g Exptime p  Expsmace
J) J J J)
Aloggmce p Aptime g Apgace g Aexpime

Alternaingloggpace algorithm for Game Play thegame!

Erich Gradd THEORIES GAMES ALGORITHMS



Evaluation gamefor FO

FO: =RX]:RXjx=y]x6y] " | ] 9x ] 8x
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Evaluation gamefor FO

FO: =RX]:RXjx=y]x6y] " | ] 9x ] 8x

ThegameG(A; )  (forA=(A;R;:::;Ry); R p AY)
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Evaluation gamefor FO

FO: =RX]:RXjx=y]x6y] " | ] 9x ] 8x

ThegameG(A; )  (forA=(A;R;:::;Ry); R p AY)

Postions: ' (3) ' (X) subformulaof , a2 Ak
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Evaluation gamefor FO

FO: =RX]:RXjx=yjx6y] ~ | _ ]9 ] 8x

ThegameG(A; ) (for A =(A;Ry;::5;Ry); R A"

Postions: ' (3) ' (X) subformulaof , a2 Ak
Veri er moves: | B B
_#T 9x (x:b) —="' (ab) (a2 A)
\#
Fals er moves: ' B
AgT 8x (x:b) —=' (a:b) (a2 A)
\#
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Evaluation gamefor FO

]9 ] 8x

FO: =RX]:RXjx=y]x6y] " |

ThegameG(A; )  (forA=(A;R;:::;Ry); R p AY)

Postions: ' (3) ' (X) subformulaof , a2 Ak
Veri e moves: | - ~
_#T 9x (x:b) —="' (ab) (a2 A)
\#
Fals er moves: '
A — ' ‘h) ! A
#\# 8x' (x:b) (@b (a2 A)

Winning condition: ' aomic/ negited aomic

Verl e

winsa'(@ () A . (a)
Fdgs e '
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Complexity of FO modd checking

To decidewhether A = , condruct thegame G(A; ) and check whether
Veri e haswinning srategy from initial postion

E icient implementaion: on-the- ycongruction of gamewhilesolvingit
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Complexity of FO modd checking

To decidewhether A = , condruct thegame G(A; ) and check whether
Veri e haswinning srategy from initial postion

E icient implementaion: on-the- ycongruction of gamewhilesolvingit

Szeof gamegraph can beexpnentia: [G(A; )j - | | ¢AWIC)
width( ): maxmal number of freevariablesin subformulae

Complexity of FOmodd checking:

dternaingtime: O] ] ¢logjAj)
dternating space: O(width( ) ¢logjAj +logj |)

determinigictime: O j ¢jAjWIhC ))
deterministic space: Of] | ¢logjAj)
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Complexity of FO modd checking

2 Qructurecomplexity ( xed): Alogtime p Logspace

2 Expression caomplexity and combined complexity:
Pspace-complete  (even for very small A, such asA =10; 19)

Erich Gradd THEORIES GAMES ALGORITHMS



Complexity of FO modd checking

2 Qructurecomplexity ( xed): Alogtime p Logspace

2 Expression caomplexity and combined complexity:
Pspace-complete  (even for very small A, such asA =10; 19)

Crucia parameter for complexty: width of formula

FO' :=f 2 FO:width( )- kg = k-variablefragment of FO
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Complexity of FO modd checking

2 Qructurecomplexity ( xed): Alogtime p Logspace

2 Expression caomplexity and combined complexity:
Pspace-complete  (even for very small A, such asA =10; 19)

Crucia parameter for complexty: width of formula

FO' :=f 2 FO:width( )- kg = k-variablefragment of FO

ModCheck(FO¥) is Ptime-completeand solvablein time O(j j ¢jAj¥)
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Complexity of FO modd checking

2 Qructurecomplexity ( xed): Alogtime p Logsmace

2 Expression camplexity and combined complexity:
Pspace-complete  (even for very small A, suchasA =10; 19)

Crucia parameter for complexty: width of formula

FO' :=f 2 FO:width( )- kg = k-variablefragment of FO
ModCheck(FO¥) isPtime-complete and solvablein time O(j j ¢jAjX)

Hagments of FOwith modd checking complexty O(] | ¢kAK)):
ML : propostional modal logc

Later:
FO? : formulae of width two
GF:theguarded fragment of rg-order logc
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ML.: propostional modal logic

Trangtionsydgems = Kripkedructures = |abded graphs

K=V ; Bar ; Pl )

sates actions atomic propostions
dements binary relations unary relations
Syntaxof ML.: =RPj:P) ~ 7 _ ] I3

E)(anple:Pl_ rHi(PZA [b]Pl)
Semantics: [ ¥ =fv:K;vFE g=fv: holdsa gaevinKag.

. _ some _
K;VF () K;wg for wwith (v,w) 2 E;
[a] all
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Modéd checking gamefor ML

GameG(K; ) forK = (V, (Edaza; (P)iz1)and 2 ML
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Modéd checking gamefor ML

GameG(K; ) forK = (V, (Edaza; (P)iz1)and 2 ML

Pogtions: (' ;Vv) " subformulaof , v2V
Verl e moves: (v
) (hai' ;v) — (' ;w); w2 VE
Y
Fals e moves: (v
(A& v (& ;v) —w'"); w2 vk

Terminal pogtions: (P;v); ( B;V)
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Modéd checking gamefor ML

GameG(K; ) forK = (V,(BE)aa; (P)izi)and 2 ML

Pogtions: (' ;Vv) " subformulaof , v2V
Verl e moves: (v
) (hai' ;v) — (' ;w); w2 VE
Y
Fals e moves: (v
(N #V) ([a';v) —MWw"); w2vk
Ay

Terminal pogtions: (P;v); ( B;V)

Vel ewinsG(K; )frompostion(';v) () K;VFE'
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Modéd checking gamefor ML

GameG(K; ) forK = (V,(BE)aa; (P)izi)and 2 ML

Pogtions: (' ;Vv) " subformulaof , v2V
Verl e moves: (v
) (hai' ;v) — (' ;w); w2 VE
Y
Fals e moves: (v
(N #V) ([a';v) —MWw"); w2vk
Ay

Terminal pogtions: (P;v); ( B;V)
Vel ewinsG(K; )frompostion(';v) () K;VFE'

KG(K: Yk=0( j¢kKK)
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Advantages of game based approach to mode checking

2 intuitivetop-down de nition of semantics
(very e ectivefor teachinglogc)

2 versatileand general methodology,
can be adapted to many logcal formalians

2 jsolatesthereal combinatoria di icultiesof an evduation problem,
abgractsfrom syntactic details.

2 if you understand games, you understand aternating algorithms
2 cdosdy rdaed to automatabasd methods

2 dgorithmsand complexty resultsfor many logic problemsfollow
from resultson games
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Modé checking for propostional modal logic

Theorem. ModdCheck(ML) isPtime-complete.
- solvableintimeO(] | ¢kKk) viamodd checking game
- Game(for srictly aternainggames) - g ModeCheck(ML)

G=(,B;v 71 (GVv), » (n=jV))

0:=a0 om+l = 8 2m; om+2 = B om+1

GVFE wm () Player OwinsGfromvin - mmoves
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Stis ability of propostional Horn formulae

Propostiona Horn formulae: conjunctionsof clausesof form
XA Xy~ eeer X,  and  0A X~ ¢gen X,

Theorem. Sat-H or nisPtime-completeand solvablein linear time.

(actually, Game and Sat-H or n areessentially the same problem)
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Stis ability of propostional Horn formulae

Propostiona Horn formulae: conjunctionsof clausesof form
XA X; ™ eeen X, and 0A X" ¢eer X,

Theorem. Sat-H or nisPtime-completeand solvablein linear time.
(actually, Game and Sat-H or n areessentially the same problem)

1) Game - ogiin  Sat-Horn:

For G= (Vo[ Vi;E) congruct Hornformula with clauses

uA v forallu2 Voand (u;v) 2 E
uA v ¢eeN v, foralu2 Vi; UE=fvy::::vinG

Theminima moded of isprecisdly thewinningregon of Player O.

(GVv) 2 Game () "™ (OA V)isunsais able
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Movesof Player 0: X! C for X =head(C)

Movesof Player 1. C! X for X 2 body(C)

Note: Player Owinsi play reachesdause C with body(C) = ?
Player 0 haswinning srategy from podgtion X () FX
Hence,

Player Owinsfrom postion0 () unsatis able.
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Hrg-order logic (FO)or modal logic (ML): Modd checking games have
2 only niteplays
2 podtiona winning condition

Winning regonscomputablein linear timewrt. Sze of gamegraph
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Hrg-order logic (FO)or modal logic (ML): Modd checking games have
2 only niteplays
2 podtiona winning condition

Winning regonscomputablein linear timewrt. Sze of gamegraph

In many computer science gpplications, moreexpessvelogcsare needed:
temporal logics, dynamiclogics, x ed-point logics,.. .

Modd checking gamesfor theselogcsadmit in nite playsand need more
complicated winning conditions.
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Hrg-order logic (FO)or modal logic (ML): Modd checking games have
2 only niteplays
2 podtiona winning condition

Winning regonscomputablein linear timewrt. Sze of gamegraph

In many computer science gpplications, moreexpessvelogcsare needed:
temporal logics, dynamiclogics, x ed-point logics,.. .

Modd checking gamesfor theselogcsadmit in nite playsand need more
complicated winning conditions.

3  wehaveto consder thetheory of in nitegames
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